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$(X_{1}, \ldots, X_{n})$ $(\Omega, P)$ $n$ $X_{i}\in$





$S(\mu(x_{1},\ldots,x_{n}), \mu_{X_{1}}\otimes\cdots\otimes\mu_{X_{n}}):=\{\begin{array}{l}\int\log\frac{d\mu_{(X_{1},.\cdot\cdot.\cdot,X_{n})}}{d(\mu x_{1}\otimes\cdot\otimes\mu_{X_{n}})}d\mu(x_{1},\ldots,x_{n})(\mu_{(x_{1},\ldots,x_{n})}\ll\mu x_{1}\otimes\cdots\otimes\mu x_{n} ) ,+\infty ( )\end{array}$
Boltzmann-Gibbs :
$H(X_{1}, \ldots, X_{n}):=1$
$- \int_{\mathbb{R}^{n}}p(x_{1}, \ldots, x_{n})\log p(x_{1}, \ldots, x_{n})dx_{1}\cdots dx_{n}$
$(\mu_{(X_{1},\ldots,X_{n})}\ll dx_{1}\cdots dx_{n}$ & $p:= \frac{d\mu(x_{1}..’.\cdot\cdot,x_{n})}{dx_{1}dx_{n}}$ $)$ ,
$-\infty$ ( ).
$1\leq i\leq n$ $H(X_{i})>-\infty$
$S( \mu_{(}x_{1},\ldots,x_{n}), \mu x_{1}\otimes\cdots\otimes\mu_{X_{n}})=-H(X_{1}, \ldots, X_{n})+\sum_{i=1}^{n}H(X_{i})$ (1)






$\mathcal{A}$ 1 $*$ -
( ), $\varphi$ $\mathcal{A}$ $a\in \mathcal{A}$ $\varphi(a^{*}a)\geq 0$ , $\varphi(1)=1$
$\mathcal{A}$ $(\mathcal{A}, \varphi)$
$\mathcal{A}$
$c*$ - $(\mathcal{A}, \varphi)$ $c*$ - $\mathcal{A}$ von Neumann $\varphi$




$\bullet$ $E(X)= \int_{\Omega}X(\omega)dP(\omega)$ $(L^{\infty}(\Omega), E)$ $w*$-
$\bullet$ $M_{N}$ $\mathbb{C}$ $N\cross N$- $tr_{N}$ $M_{N}$
$1\leq p<\infty$ $p$ $\Omega$ $L$
$L:= \bigcap_{1\leq p<\infty}L^{p}(\Omega)$ . $L$ $N\cross N$- (




$\mathcal{A}$ (1 ) $\{\mathcal{A}_{i}\}_{i\in I}$
b $i_{1},$ $i_{2},$ $\ldots,$ $i_{k}\in I,$ $i_{1}\neq i_{2}\neq\cdots\neq i_{k}$
$a_{j}\in \mathcal{A}_{\dot{\eta}_{j}}\cdot, \varphi(a_{j})=0(1\leq j\leq k)\Rightarrow\varphi(a_{1}a_{2}\cdots a_{k})=0$
$\mathcal{A}$ $\{a_{i}\}_{i\in I}$ $a_{i}$ 1
$\{$Alg $\langle a_{i}\rangle\}_{i\in I}$ $\mathcal{A}$ $\{a_{i}\}_{i\in I}$
$\varphi(a_{i_{1}}a_{i_{2}}\cdots a_{i_{k}})(i_{1}\neq i_{2}\neq\cdots\neq i_{k})$ $a_{i}$
$\varphi(a_{i}^{m})(m=1,2, \ldots)$
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3.2 $a,$ $b$ $\mathcal{A}$
$\bullet$ $\varphi((a-\varphi(a)1)(b-\varphi(b)1))=0$ $\varphi(ab)=\varphi(a)\varphi(b)$ .
$\bullet$ $\varphi((a-\varphi(a)1)(b-\varphi(b)1)(a-\varphi(a)1))=0$ $\varphi(aba)=\varphi(a^{2})\varphi(b)$ .
$\bullet$ $\varphi(abab)=\varphi(a^{2})\varphi(b)^{2}+\varphi(a)^{2}\varphi(b^{2})-\varphi(a)^{2}\varphi(b)^{2}.$




(Wigner ) ( )
( $\Omega$ $P$ )
4
Voiculescu - -
$(\mathcal{M}, \tau)$ $w*$- $N\cross N-$
$M_{N}^{sa}$ $M_{N}^{sa}$ “Lebesgue” $M_{N}^{sa}$
$\Phi_{N}$ :
$M_{N}^{sa}\ni A\ovalbox{\tt\small REJECT}((A_{ii})_{1\leq i\leq N}, (\sqrt{2}{\rm Re} A_{ij})_{i<j}, (\sqrt{2}{\rm Im} A_{ij})_{i<j})\in \mathbb{R}^{N^{2}}$
$\mathbb{R}^{N^{2}}$ $\mathbb{R}^{N^{2}}$ Lebesgue
$\lambda_{\mathbb{R}^{N^{2}}}$ $M_{N}^{sa}$ “Lebesgue“ $\Lambda_{N}$ $\lambda_{\mathbb{R}^{N^{2}}}\circ\Phi_{N}$
$d\Lambda_{N}=2^{N(N-1)/2}\prod_{i=1}^{N}dA_{ii}\prod_{i<j}d({\rm Re} A_{ij})d({\rm Im} A_{ij})$ .
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$(X_{1}, \ldots, X_{n})$ $\mathcal{M}$ $n$ $N,$ $m\in \mathbb{N},$
$\delta>0$ $0<R\leq$
$+\infty$ $(X_{1}, \ldots, X_{n})$ $\Gamma_{R}(X_{1}, \ldots, X_{n};N, m, \delta)$
$N\cross N$-
$n$ $(A_{1}, \ldots, An)$
$\bullet$ $i=1,2,$ $,$ $n$ $\Vert A_{i}\Vert_{\infty}\leq R$ ;
$\bullet$ $1\leq i_{1},$
$\ldots,$
$i_{\Gamma}\leq n,$ $1\leq r\leq m$
$|tr_{N}(A_{i_{1}}\cdots A_{i_{r}})-\tau(X_{i_{1}}\cdots X_{i_{r}})|<\delta$
$nN^{2}$ $(M_{N}^{sa})^{n}$ $(X_{1}, \ldots, X_{n})$
$\chi(X_{1}, \ldots, X_{n})$ $\Gamma_{R}(X_{1}, \ldots, X_{n};N, m, \delta)$ “Lebesgue”
$A_{N}^{\otimes n}$ $N,$ $m,$ $\delta,$ $R$ :
$\chi_{R}(X_{1}, \ldots, X_{n};m, \delta):=\lim_{Narrow}\sup_{\infty}[\frac{1}{N^{2}}\log\Lambda_{N}^{\otimes n}(\Gamma_{R}(X_{1}, \ldots, X_{n};N, m, \delta))+\frac{n}{2}\log N]$ ;
$\chi_{R}(X_{1}, \ldots, X_{n}):=\inf_{m\in N,\delta>0}\chi_{R}(X_{1}, \ldots, X_{n};m, \delta)$ ;
$\chi(X_{1}, \ldots, X_{n}):=\sup_{R>0}\chi_{R}(X_{1}, \ldots, X_{n})$ .
([6,7,1]).
(1) $R \geq 1\leq i\leq n\max\Vert X_{i}\Vert_{\infty}$ $\chi_{R}=\chi$ . $\chi=\chi_{\infty}$ ;
(2) $\chi(X_{1}, \ldots, X_{n})\leq\frac{n}{2}\log\frac{2\pi e\tau(X_{1}^{2}+\cdots+X_{n}^{2})}{n}(<+\infty)$ ;
(3) ( ) $\chi(X_{1}, \ldots, X_{k}, X_{k+1}, \ldots, X_{n})\leq\chi(X_{1}, \ldots, X_{k})+\chi(X_{k+1}, \ldots, X_{n})$ ;
(4) ( ) $\mathcal{M}$ $n$ $(X_{1}^{(k)}, \ldots X_{n}^{(k)})$ $karrow\infty$
$(X_{1}, \ldots , X_{n})$ $\sup_{k\in N}\Vert X_{i}^{(k)}\Vert<$
$+\infty$
$\chi(X_{1}, \ldots, X_{n})\geq\lim_{karrow}\sup_{\infty}\chi(X_{1}^{(k)}, \ldots X_{n}^{(k)})$ ;
(5) (1 ) $\mu$ $X\in \mathcal{M}$
$\chi(X)=\int\int\log|s-t|d\mu(s)d\mu(t)+\frac{3}{4}+\frac{1}{2}\log(2\pi)$ ;
(6) $X_{1},$ $\ldots,$ $X_{n}$ $\chi(X_{1}, \ldots, X_{n})=\chi(X_{1})+\cdots+\chi(X_{n})$ .










$\chi(X_{1}, \ldots, X_{k}, X_{k+1}, \ldots, X_{n})=\chi(X_{1}, \ldots, X_{k})+\chi(X_{k+1}, \ldots, X_{n})$












$U(N)$ $N$ $\cross N$- $\gamma_{U(N)}$ $U(N)$ Haar $\mathbb{R}^{N}$
$x=(x_{1}, \ldots, x_{N})$ $x_{1}\geq x_{2}\geq\cdots\geq x_{N}$ $\mathbb{R}_{\geq}^{N}$
$(x_{1}, \ldots, x_{N})\in \mathbb{R}_{\geq}^{N}$ (1, 1)- $x_{1},$ $\ldots,$ $x_{N}$
$(X_{1}, \ldots, X_{n})$ $\mathcal{M}$ $n$
$N,$ $m\in \mathbb{N}$ $\delta>0$ $\Gamma_{orb,R}(X_{1}, \ldots, X_{n};N, m, \delta)$ $N\cross N$- $n$
$(U_{1}, \ldots, U_{n})\in U(N)^{n}$ $D_{1},$
$\ldots,$
$D_{n}\in \mathbb{R}_{\geq}^{N}$
$(U_{1}D_{1}U_{1}^{*}\ldots, U_{n}D_{n}U_{n}^{*})\in\Gamma_{R}(X_{1}, \ldots, X_{n};N, m, \delta)$
$\chi_{orb}(X_{1}, \ldots, X_{n})$ :
$\chi_{orb,R}(X_{1}, \ldots, X_{n}):=\lim_{m_{\delta\vec{\backslash }0}\infty}\lim_{Narrow}\sup_{\infty}\frac{1}{N^{2}}\log\gamma_{U(N)}^{\otimes n}(\Gamma_{orb,R}(X_{1}, \ldots, X_{n};N, m, \delta))$ ;
$\chi_{orb}(X_{1}, \ldots, X_{n}):=\sup_{R>0}\chi_{orb,R}(X_{1}, \ldots, X_{n})$ .
$N\in \mathbb{N},$ $1\leq i\leq n$
$\xi_{i}(N)\in M_{N}^{sa}$ $Narrow\infty$ $\xi_{i}(N)$ $X_{i}$
$\xi_{i}=\{\xi_{i}(N)\}$ $n$ $(\xi_{1}, \ldots\xi_{n})$ (
). $\Gamma_{orb}(X_{1}, \ldots, X_{n}:\xi_{1}(N), \ldots, \xi_{n}(N);N, m, \delta)$ $N\cross N-$ $n$
$(U_{1}, \ldots, Un)\in U(N)^{n}$
$(U_{1}\xi_{1}(N)U_{1}^{*}\ldots, U_{n}\xi_{n}(N)U_{n}^{*})\in\Gamma_{\infty}(X_{1}, \ldots, X_{n};N, m, \delta)$
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$\chi_{orb}(X_{1}, \ldots, X_{n} :\xi_{1}, \ldots, \xi_{n})$
$\chi_{orb}(X_{1}, \ldots, X_{n}:\xi_{1}, \ldots, \xi_{n})$




4.1 ([3]) $n$ $(\xi_{1}, \ldots, \xi_{n})$
$\chi_{orb}(X_{1}, \ldots, X_{n})=\chi_{orb}(X_{1}, \ldots, X_{n}:\xi_{1}, \ldots, \xi_{n})$
$\chi$ $rb$
$\chi_{orb}(X_{1}, \ldots, X_{n})$ $(X_{1}, \ldots, X_{n})$
$\chi_{orb}$ $\chi$
$\chi_{orb}(X_{1}, \ldots, X_{n})$
$\leq 0$ $X\in \mathcal{M}$ $\chi$ $rb(X)=0$
$\chi_{orb}$ $\chi$
4.2 ([3])
$\chi(X_{1}, \ldots, X_{n})=\chi_{orb}(X_{1}, \ldots, X_{n})+\sum_{i=1}^{n}\chi(X_{i})$ .
$\chi(X),$ $\chi(Y)>-\infty$ $X,$ $Y\in \mathcal{M}$
$-\chi$ rb $(X, Y)=-\chi(X, Y)+\chi(X)+\chi(Y)$





$\mathbb{R}_{\leq}^{N}$ $x=(x_{1}, \ldots, x_{N})\in \mathbb{R}^{N}$
$\kappa_{N}(x)$ $:=N^{-1} \sum_{j=1}^{N}x_{j}$ $(x_{1}, \ldots, x_{n})\in(\mathbb{R}^{N})^{n},$ $x_{i}=(x_{i1}, \ldots, x_{iN})\in \mathbb{R}^{N},$ $1\leq$
$i\leq n$
$r_{1}\cdots r_{k}:=(x_{i_{1}1}\cdots x_{i_{k}1}, x_{i_{1}2}\cdots x_{i_{k}2}, \ldots, x_{i_{1}N}\cdots x_{i_{k}N})\in \mathbb{R}^{N}$
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$N,$ $m\in \mathbb{N},$ $\delta>0$ $\triangle(X_{1}, \ldots, X_{n};N, m, \delta)$ $x_{i}=(x_{i1}, \ldots, x_{iN})\in$
$\mathbb{R}^{N}(1\leq i\leq n)$ $n$ $(x_{1}, \ldots, x_{n})\in(\mathbb{R}^{N})^{n}$ $1\leq i_{1},$
$\ldots,$
$i_{k}\leq n,$ $1\leq k\leq m$
$|\kappa_{N}(x_{i_{1}}\cdots x_{i_{k}})-E(X_{i_{1}}\cdots X_{i_{k}})|<\delta$
$R>0$ $\Delta_{R}(X_{1}, \ldots, X_{n};N, m, \delta)$ $1\leq i\leq n$
$x_{i}\in[-R, R]^{N}$ $n$
$(x_{1}, \ldots, x_{n})\in\triangle(X_{1}, \ldots, X_{n};N, m, \delta)$
Sanov
5. 1 $m\in \mathbb{N},$ $\delta>0,$ $R \geq\max_{1\leq i\leq n}\Vert X_{i}\Vert_{\infty}$
$\lim_{Narrow\infty}\frac{1}{N}\log\lambda_{N}^{\otimes n}(\triangle(X_{1)}\ldots, X_{n};N, m, \delta))$
$\lambda_{N}$ $\mathbb{R}^{N}$ Lebesgue Boltzmann-Gibbs
$H(X_{1}, \ldots, X_{n})=\lim_{\infty m_{\delta\vec{\backslash }0}}\lim_{Narrow\infty}\frac{1}{N}\log\lambda_{N}^{\otimes n}(\triangle(X_{1}, \ldots, X_{n};N, m, \delta))$
$R \geq\max_{1\leq i\leq n}\Vert X_{i}\Vert_{\infty}$
$S_{N}$ $N$ $\mathbb{R}^{N}$ $S_{N}$ $\sigma\in S_{N}$ $x=$ $(x_{1}, \ldots , x_{N})\in \mathbb{R}^{N}$
$\sigma(x):=(x_{\sigma^{-1}(1)}, x_{\sigma^{-1}(2)}, \ldots, x_{\sigma^{-1}(N)})$
$N,$ $m\in \mathbb{N},$ $\delta>0,$ $R>0$ $\triangle_{sym,R}(X_{1}, \ldots, X_{n};N, m, \delta)$ $S_{N}$
$n$ $(\sigma_{1}, \ldots , \sigma_{n})$ $(x_{1}, \ldots, x_{n})\in(\mathbb{R}_{\leq}^{N})^{n}$
$(\sigma_{1}(x_{1}), \ldots, \sigma_{n}(x_{n}))\in\Delta_{R}(X_{1}, \ldots, X_{n};N, m, \delta)$
$\triangle_{sym,\infty}(X_{1}, \ldots, X_{n};N, m, \delta)$ $\Delta_{R}(X_{1},$
. . . , $X_{n};N,$ $m,$ $\delta)$ $\Delta(X_{1}, \ldots, X_{n};N, m, \delta)$
$R>0$
$I_{sym,R}(X_{1} \ldots, X_{n}):=-\lim_{m_{\delta\vec{\backslash }0}\infty}\lim_{Narrow}\sup_{\infty}\frac{1}{N}\log\gamma_{S_{N}}^{\otimes n}(\Delta_{sym,R}(X_{1}, \ldots, X_{n};N, m, \delta))$
$\overline{I}_{sym,R}(X_{1}\ldots, X_{n}):=-\lim_{\searrow 0}\lim_{Nm_{\delta^{\backslash }}arrow\inftyarrow}\inf_{\infty}\frac{1}{N}\log\gamma_{s_{N}}^{\otimes n}(\Delta_{sym,R}(X_{1}, \ldots, X_{n};N, m, \delta))$
$\gamma_{S_{N}}$ $S_{N}$
$0\leq I_{sym,R}(X_{1}\ldots, X_{n})\leq\overline{I}_{sym,R}(X_{1}\ldots, X_{n})$
Isym, $\infty$ $\overline{I}_{sym,\infty}$ $\triangle_{sym,\infty}$
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$N\in \mathbb{N},$ $1\leq i\leq n$ $\xi_{i}(N)\in \mathbb{R}_{\leq}^{N}$ $Narrow\infty$
$\xi_{i}(N)$ $X_{i}$ ( $k\in \mathbb{N}$ $Narrow\infty$
$\kappa_{N}(\xi_{i}(N)^{k})arrow E(X_{i}^{k}))$ , $\xi_{i}=\{\xi_{i}(N)\}$ $\triangle_{sym}(X_{1},$ $\ldots,$ $X_{n}$ :
$\xi_{1}(N),$
$\ldots,$
$\xi_{n}(N);N,$ $m,$ $\delta)$ $N$ $n$
$(\sigma_{1}, \ldots, \sigma_{n})\in S_{N}^{n}$
$(\sigma_{1}(\xi_{1}(N))\ldots, \sigma_{n}(\xi_{n}(N)))\in\Delta(X_{1}, \ldots, X_{n};N, m, \delta)$
$I_{sym}(X_{1}, \ldots, X_{n}:\xi_{1}, \ldots, \xi_{n})$
$:=- \lim_{m\infty ,\delta\vec{\backslash }0}\lim_{Narrow}\sup_{\infty}\frac{1}{N}\log\gamma_{S_{N}}^{\otimes n}(\Delta_{sym}(X_{1}, \ldots, X_{n}:\xi_{1}(N), \ldots, \xi_{n}(N);N, m, \delta))$
$\overline{I}_{sym}(X_{1}, \ldots, X_{n}:\xi_{1}, \ldots, \xi_{n})$ lim sup $\lim$ inf
5.2 ([4]) $R \geq\max_{1\leq i\leq n}\Vert X_{i}\Vert_{\infty}$ $n$ $(\xi_{1}, \ldots, \xi_{n})$
(1) $I_{sym,\infty}(X_{1}\ldots, X_{n})=I_{sym,R}(X_{1}\ldots, X_{n})=I_{sym}(X_{1}\ldots, X_{n}:\xi_{1}, \ldots, \xi_{n})$
(2) $\overline{I}_{sym,\infty}(X_{1}\ldots, X_{n})=\overline{I}_{sym,R}(X_{1}\ldots,X_{n})=\overline{I}_{8}ym(X_{1}\ldots, X_{n}:\xi_{1}, \ldots, \xi_{n})$
(1) Isym $(X_{1}\ldots, X_{n}),$ (2)
$\overline{I}_{sym}(X_{1}\ldots, X_{n})$ $(X_{1}\ldots, X_{n})$
“ ”
5.3 ([4])
$H(X_{1}, \ldots, X_{n}) = -I_{sym}(X_{1}\ldots, X_{n})+\sum_{i=1}^{n}H(X_{i})$
$= - \overline{I}_{sym}(X_{1}\ldots, X_{n})+\sum_{i=1}^{n}H(X_{i})$ .
$s=(s_{1}, \ldots, s_{N})\in \mathbb{R}^{N}$ $i\neq j$ $\mathcal{S}_{i}\neq \mathcal{S}j$
$\sigma\in S_{N}$ $x\in \mathbb{R}_{\leq}^{N}$ $s=\sigma(x)$ $\lambda N$- $0$
:
$\mathbb{R}^{N} \cong \mathbb{R}_{\leq}^{N}\cross S_{N}$
$s$ $rightarrow$ $(x, \sigma)$
$\lambda_{N}$ $rightarrow$
$\lambda_{N}|_{\mathbb{R}_{\leq}^{N}}\otimes$ ( $S_{N}$ )
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$m\in \mathbb{N}$ $\delta>0$ $m’\in \mathbb{N}$ $\delta’>0$
$N$
$( \prod_{i=1}^{n}(\triangle_{R}(X_{i};N, m’, \delta’)\cap \mathbb{R}_{\leq}^{N}))\cross\triangle_{sym,R}(X_{1}, \ldots, X_{n};N, m’, \delta’)$
$(x_{1}, \ldots, x_{n};\sigma_{1}, \ldots, \sigma_{n})$ $(y_{1}, \ldots , y_{n})\in(\mathbb{R}_{\leq}^{N})^{n}$
$(\sigma_{1}(y_{1}), \ldots, \sigma_{n}(y_{n}))\in\Delta_{R}(X_{1}, \ldots, X_{n};N, m’, \delta’)$
$(\sigma_{1}(x_{1}), \ldots, \sigma_{n}(x_{n}))\in\triangle_{R}(X_{1}, \ldots, X_{n};N, m, \delta)$
$\sum_{i=1}^{n}H(X_{i})-I_{sym}(X_{1}, \ldots, X_{n})\leq\lim_{Narrow\infty}\frac{1}{N}\log\lambda_{N}^{\otimes n}(\triangle_{R}(X_{1}, \ldots, X_{n};N, m, \delta))$ .
Boltzmann-Gibbs




5.4 $1\leq i\leq n$ $H(X_{i})>-\infty$
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